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Linear model (coded effects)

X ∈ CM×N C ∈ RM×P

X = CΘH + E
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What is an inverse transform? 4/14

Type-I NFFTs
Let f (xj) ∈ RM be an irregularly sampled function on (−π, π].
Let ĥk ∈ CN be predicted Fourier coefficients in (−N/2,N/2].
Define an irregular transformation matrix A ∈ CN×M :
A =

(
e±i k xj

)
k,j∈N,M AHA 6= αIM AAH 6= βIN

Standard Inverse Equivalence

Forward NFFT Inverse NFFT η̂k = ĥk ⇔ AH η̂k = f (xj)

η̂k = Af (xj) AH ĥk = f (xj)

Adjoint NFFT Inverse adjoint NFFT φ̂(xj) = f̂ (xj) ⇔ Aφ̂(xj) = hk
φ̂(xj) = AHhk Af̂ (xj) = hk
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‖ĥk‖2
Ŵ−1

k
=

∑
k∈IN

|ĥk |2
ŵk

→ min subject to AH ĥk = f (xj)
1

A = DFB, MIN ≈ ABHFHD∗2
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argminĥk
(‖ĥk‖2

Ŵ−1
k

+ ‖ĥk − Ffj‖2
2)

Equi-spaced transformation matrix

F =
(
e±ikj)

j,k∈N,M
fj ∈ (−π, π]

ĥk ∈ (−N
2 ,

N−1
2 )

Solve for ĥk

ĥk = Ffj(M( 1
M Ŵ−1

k + I))−1 ∗ ∗
ĥk = FfjŴk(MŴk + IN)

−1

Searle Identity**
(I + X−1)−1 = X(X + I)−1
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Optimization Problem
‖ĥk‖2

Ŵ−1
k

=
∑

k∈IN
|ĥk |2
ŵk

→ min subject to AH ĥk = f (xj).

ĥk = argminĥk

(
||ĥk ||2W−1

k
+ ||AH ĥk − f (xj)||22

)
ĥk = Af (xj)(W−1

k + AAH)−1

Woodbury Identity (AAH = LU) O(N2)3(
W−1

k + LU
)−1

= Wk − WkL (I + UWkL)−1 UWk

ĥk = Af (xj)
(

Wk − WkL (I + UWkL)−1 UWk

)
O(N3)
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Frequency weights

wk =

(1
4 − (k/N)2)β

1+ γ (2π|k|)2α

Reconstruction quality

f̂j ≈ AH ĥk

Method MAPE
iNFFT 0.0189
iFFT 0.0700
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Workflow
Discontinuous data i-iNFFT

Combined

Fourier coefficients
Fν1,ν2 ≈

||Xn||2F
||Xm||2F

GLM Analysis

Et = X0 + E

Error term

X = TPH

T∗ = (X + E)P

PCA

Experimental Design
X = A+G+H+C+Ev(C)+E

Order 2

Order 1

Order 3

A G H C

AG AH GH Ev(C)

AEv(C) GEv(C) HEv(C)

SCA
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An example of multi-modal time series data 10/14
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N = 32 wk = gα=0.5,β=3,γ=0.1
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NFFT → FINUFFT/CUFINUFFT Algebra → NumPy / PyTorch
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